We show that if G is a minimal abelian perfect order subset group with |G| divisible by neither 5 nor 7 and with G isomorphic to neither Z 2 nor (Z 2 ) 2 × Z 3 , then |G| > 10 10 7 .
Introduction
A finite group G is said to be a perfect order subset group (or a POS group) if the number of elements of any given order is either zero or divides |G|.
In this article we conjecture that, up to isomorphism, there are only two "minimal" abelian POS groups having order which is divisible by neither 5 nor 7: namely, Z 2 and (Z 2 ) 2 × Z 3 . However, we prove here only the weaker result that if a minimal POS group is not isomorphic to one of those two groups and yet has order which is divisible by neither 5 nor 7, then the order of the group must be extremely large (greater than 10 10 7 ). The techniques used here are modified from those developed by the author in [3] .
Background and Preliminary Lemmas
In a 2002 article, C. Finch and L. Jones [1] introduced the notion of a POS group, and there they proved some basic properties of abelian POS groups. We list some of those results here for reference.
Lemma 1 If G is an abelian POS group and p is a prime dividing |G|, then p − 1 divides |G|.
where M is a finite abelian group and p is a prime not dividing |M |. If G is a POS group, then so is G.
where M is a finite abelian group, p is a prime not dividing |M |, and
where M is a finite abelian group and p is a prime not dividing |M |. If G is a POS group, then so is
t × M is a POS group. Lemmas 3 and 4 imply that every minimal POS group G (with |G| > 2) can be written in the form:
where p 1 < p 2 < · · · < p m are odd primes and m ≥ 1. We assume for the remainder of this article that groups G have this form. We then let
The following important lemma, which we will use often, can be obtained by counting elements in abelian groups (see the first lemma in [1] ).
Lemma 5 A group G having the above form is a POS group if and only if n f (n) ∈ N \ {1}.
In particular, for a POS group G, n f (n) ≥ 2.
Up to isomorphism, there are only ten known mimimal POS groups. We list them below for reference. Note that the only group in the list whose order is not divisible by 3 (i.e. the only group having trivial Sylow 3-subgroup) is Z 2 . In a 2012 article [2] , K. Ford, S. Konyagin, and F. Luca used sieve techniques to prove a result which implies that Z 2 is the only minimal POS having order not divisible by 3. Note also that there are only two groups in the list whose order is divisible by neither 5 nor 7 (i.e. whose Sylow 5-and 7-subgroups are trivial), namely Z 2 and (Z 2 ) 2 × Z 3 . We conjecture that these are the only such groups.
The list of known minimal POS groups is as follows:
Conjecture 6 If G is a minimal POS group, and 5 and 7 do not divide |G|, then G is isomorphic to either
A proof of Conjecture 6 would likely involve highly intricate sieve techniques and require many cases. In the next section, we use only three cases to prove the following result.
Theorem 7 Let G be a minimal POS group, and suppose 5 and 7 do not divide |G|.
A sketch of the proof of the following lemma can be found in [3] .
Lemma 8 If G is a minimal POS group which is not isomorphic to any of the 10 groups listed above, then 2 14 |n.
A prime power p a is said to exactly divide an integer n (and we write p a ||n) if p a |n, but p a+1 n.
Proof of Theorem 7
Proof: Suppose G is a minimal POS group with n = |G|. Suppose also that 5 and 7 do not divide n and that G is not isomorphic to Z 2 or (Z 2 ) 2 × Z 3 . By the main result in [2] , we have that 3|n. By Lemma 8 we also have that 2 14 |n. We will now show that n > 10 10 7 by dividing the situation into three cases.
Define inductively a set of primes P as follows: (i) 2, 3 ∈ P, (ii) 5, 7 / ∈ P, (iii) a prime p > 7 is in P if and only if all prime factors of p − 1 are in P. Then It follows from Lemma 5 that if G is a minimal POS group with 5 and 7 not dividing |G|, and if p is a prime dividing |G|, then p ∈ P. Let p j denote the jth element of P. That is, p 1 = 2, p 2 = 3, p 3 = 13, etc.
A computer program was used to determine which of the first 1,000,000 primes belong to P. It revealed that there are 34,134 such primes, the largest of which is 15,485,549. A further computer calculation then gives
It appears that the product will not become greater than 2 even if we were to allow the index to approach infinity. However, to prove this would likely require highly intricate sieve techniques. Therefore, we simply make use of the following calculation: It follows from Lemma 5 that if G is a minimal POS group with 3 1 ||n = |G| and with 5, 7, 13 n, and if p is a prime dividing n, then p ∈ Q. [Note that even though it was not explicitly stated in Case 2 that 11 does not divide n, this can be deduced from Lemma 5 along with the fact that 5 does not divide n.] Let q j denote the jth element of Q.
A computer program was again used to determine which of the first 1,000,000 primes belong to Q. 
